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ABSTRACT

In this paper we construc
(i.e. a design with blocks of
on n points with A = 1) for ea
(in which cases such a design

packings of K,'s into a Kn are

4
#vhile the case n ¢ {9,10,18} i

vhether the known packing of 2
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constant 1

\({4,77},13n)
ock of size 7,
:n =10 or 19
.gns optimal

¢ {9,10,18,19},

't is not known
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|, INTRODUCTION

Let In be a finite set of n elements. For n
che largest integer b such that there exist b su
>f k elements, such that every t-element subset
nost one of them.

In a previous paper ([1]) the present autho
pined D(n,4,2) for n = 2 (mod 6). Here we treat
1= 19), and in a future paper we will discuss t

‘mod 6). The overall result is the following:

Jefine
n n-1l -
I_Z I_TJJ 1 for n =
J(I‘l,4,2) =
[_% LE—;lJJ otherwi
(hen

‘i) for each n D(n,4,2) < J(n,4,2)
(this is the so-called Johnson bound, see e
‘ii) for almost all n D(n,4,2) = J(n,4,2).

Jases in which D(n,4,2) # J(n,4,2) is known:

n 81910111719

J(n,4,2) |4 |4 6| 8|21 27

D(n,4,2) | 2|3| 5| 6|20 |25 or 26

. conjecture that for all other n equality holds

»xceptions must have n = 11 (mod 12)).

EEMARK. The undefined notations, especially for -

ire taken from HANANI ([3]) or WILSON ([101).
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[AL. PACKINGS

ase n = 0,1,3 or 4 (mod 12)

= 1 or 4 (mod 12) HANANI ([2]) has constructed a Steiner system
,n). Therefore D(n,4,2) = J(n,4%,2) =-%§ n(n-1) for these n.

ing away a fixed point and all blocks containing it produces a

m of-%z n(n-1) --%(n—l) ='%§(n-l)(n—4) four—-tuples on n-1 points,

D(n,4,2) = J(n,4,2) = %f n{n-3) for n = 0 or 3 (mod 12).

asen = 6,7,9 or 10 (mod 12)

= 7 or 10v(mod 12), n # 10,19, we will construct in the next sec-

a pairwise balanced design on n points with X = 1 and blocks of
4 or 7, using exactly one block of size 7 (notation: B({4,7*},l;n)),
replace the block {xo,...,x6} of size 7 of such a design by the

our-tuples {XO’XI’XZ’X3} and {XO’xé’XS’x6} we have a collection of

-(;)) + 2 '%E(n(n—l)—IB) = J(n;4,2) four-tuples without a common

J(n,4,2) = T%(n(n—l)—lS) for n = 7 or 10 (mod 12),
n # 10,19,

ing away one point (from the set {xl’°’“’x6}) yields:

D(n,4,2)

D(n,4,2) = J(n,4,2) =-%§(n(n-3)—6) for n = 6 or 9 (mod 12),
n# 9,18,

1e exceptional cases we have

D(9,4,2) = 3

D(10,4,2) = 5
1 be immediately verified. Next
D(18,4,2) = 22

.lows from packings constructed by S. Lin and H.R. Phinney.




We give here the packing of H.R. Phinney since it has the largest auto-
morphism group (sc. Zz, generated by 7 := (0 10)(1 9)(2 13)(3 4)(5)(6 15)
(7 14)(8 17)(11)(12)(16)).

0 1 2 3 I 10 14 17 3 9 12 17
0 4 5 6 2 4 15 17 4 9 10 13
o 7 8 9 2 5 11 13 5 7 12 14
0O 10 11 12 2 6 7 10 6 9 11 14
0 13 14 15 2 8 14 16 6 12 15 16
1 4 8 12 3 4 11 16 7 13 16 17.
1 5 9 16 3 5 10 15

1 7 11 15 3 6 8 13

The value of D(19,4,2) is not yet known; as a lower bound we have
D(19,4,2) 2 25 as follows from a packing constructed by H.R. Phinney
(which is given below) while on the other hand D(19,4,2) < 26 as we shall
prove below.

First the design:

o 1 2 3 17 15 17 3 8 11 15
0 4 5 6 1 10 14 18 4 9 10 15

o 7 8 9 2 4 13 17 5 7 11 14

0 10 11 12 2 5 15 18 5 8 10 13

0 13 14 15 2 6 7 10 6 8 14 17

0 16 17 18 2 9 12 14 6 12 15 16

1 4 8 12 3 4 7 16 7 12 13 18.
1 5 9 16 3 5 12 17

1 6 11 13 3 6 9 18

ROPOSITION. If D(n,4,2) = J(n,4,2) for some n = 7 or 10 (mod 12) then the
dges not covered by a maximal packing of K4'S into Kn form a regular graph

n 6 points with valency 3.

ROOF . J(n,4,2) = L% L%JJ -1 = —]]—2-(n(n-1)—18),




Each quadruple covers six edges, hence J(n,4,2) quadruples cover all
ges except nine. Let G be the graph (without isolated vertices) formed by
ese nine edges. In Kn each point has valency n-1 = 0 (mod 3), and each
adruple removes 0 or 3 edges incident with a given point, hence in G each
int has valency = 0 (mod 3). Clearly valency > 9 is impossible. If some
int p in G has valency 6, then its 6 neighbours need at least 6 other
3es in order to reach valency 3 each; but there are only nine edges in

l, so valency 6 does not occur and G is regular, and hence has 6 ver-

res. [l.

MA. There are only two graphs on 6 points, regular with valency 3: K

3,3
1 the prisma:
& &
and

)POSITION. D(19,4,2) # J(19,4,2).

IOF. The edges of both graphs mentioned in the previous lemma can be
rered with 3 K4's. Therefore if D(n,4,2)= J(n,4,2) then

1,4,2) < J(n,4,2) + 3 (where C(n,4,2) is the number of K4's necessary to
rer all edges of Kn). But J(19,4,2) = 27 and MILLS ([7]) proved that

9,4,2) = 31 (by exhaustive computer search). Hence D(19,4,2) < 26, D;

THE CLASS B {4,7"}

Let 13{4,7*} be the set of integers n for which there exists a pairwise

anced design on n points with blocks of size 4 or 7 and exactly one block
size 7 (and A=1). Then




THEOREM. B{4,7°} =1{n | n= 7 or 10 (mod 12)}\{10,19}.
Since by Hanani B {4} = {n [ n=1or 4 (mod 12)} we have as an immed-

iate corollary:
COROLLARY. [Wilson] B {4,7,10,19} = {n | n = 1 (mod 3)}.
PROOF OF THE THEOREM. Suppose n € 13{4,7*}. By considering the valency of a

point it follows that n = 1 (mod 3). Next, since (g) = 6 is even and (;)= 21

is odd, it follows that (;_‘) must be odd, so that n = 7 or 10 (mod 12). Also

ve saw in the previous section that n ¢ {10,19}. [Note: this argument used
that D(19,4,2) # J(19,4,2) which is difficult to verify; on the other hand
it is easy to see that if n € B (K), where K is minimal (each element of K
is used as a block size), then n > (min K-1).max K + 1. In our case this
neans that n = (4-1).7+1 = 22.] This proves the easy half of the theorem;

che remainder of this section is devoted to the other half.
'he Truncated Transversal Design.

EMMA 1. [Truncated Transversall If {3t+7,3h+7} c 33{4,7*} and t = h then
2t + 3h + 7 ¢ B{4,77}.

'ROOF. As usual: take a transversal design T(5,1;t) (which exists since

= 0 or I (mod 4)) and throw away t-h points of one group. This leaves a
lesign with blocks of size 4 or 5 and groups of size h or t on a set X with
X| = 4t+h. Next split each point into three points, constructing group-
livisible designs GD(4,1,3) on the sets of size 3x4 = 12 and 3x5 = 15, that
.s, make a design on the set X><I3 by taking for each group G of the original
.esign a new group GXIB, and for each block B the blocks of a GD(4,1,3;3|B])

onstructed in such a way that it has groups {b}xI,. We now have a design

3
ith blocks of size 4 and groups of size 3h or 3t. Adding a block Z of 7
oints and the designs (on the sets (GXI JuZ) B({4, 7" },1:3h+7) and

({4,7 } 1;3t+7) which exist by hypotheSLS, we obtain the required design

({4,7 },1;12e+3h0+7). 0.

et x = 7 or 10 (mod 12). There are 8 cases mod 48:

or x = 7 or 19 (mod 48) write x = 12t + 7 (h=0, t30 or 1 (mod 4)).

f we assume that 3t + 7 € 13{4,7*} then x € B3{4,7*} follows.

e may do this except for t = | or 4, hence we get x unless x = 19 or 55.
9 ¢ B{4,7"}, and 55 will be done later.
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>r x = 22 or 34 (mod 48) write x = 12t + 3.5 + 7, (h=5, t=0,1 (mod 4)).
f we assume that 3t + 7 ¢ ]3{4,7*} and t > 5 then X ¢ 33{4,7*} follows.
e still have to do 22, 34 and 70.

>r X = 31 or 43 (mod 48) write x = 12t + 3.8 + 7, (h=8, t=0,1 (mod 4)).
zain for t> 8 x ¢ 13{4,7*} follows provided that we can do 31,43,79 and 91.

> X = 46 (mod 48) write x = 12t + 3.9 + 7, (h=9, t = 1 (mod 4)), this
ields x = 142, We still have to do 46 and 94.

>r x = 10 (mod 48) write x = 12t + 3,13 + 7, (h=13, t = 1 (mod 4)), this
ields x > 202. We still have to do 58, 106 and 154.

r1erefore the theorem will be proved if we show that
{22,31,34,43,46,55,58,70,79,91,94,106,154} < ]3{4,7*},

irkman Designs.
IMMA 2. For each t: 9t + 4 ¢ 13{4,(3t+l)*}°

Q00F. For n = 3 (mod 6) a resolvable B({3},1;n) exists; completing such a
:sign yields n + (n-1)/2 € ]B{&,((n—])/Z)*},

siting n = 6t + 3 gives the lemma. [J.

2 we get 22 € 33{4,7*}.
r t = 10 we get 94 € B3{4,31*}, and as soon as we know 31 ¢ 33{4,7*} it
)llows that 94 ¢ 33{4,7*}.

r t

70 orthogonal Latin Squares with Three Points OQutside.

MMA 3. If x = 7 or 43 (mod 48) then x e B {4,7 }.

00F. Let x = 4t + 3, then t = 1 or 10 (mod 12) and hence t + 3 ¢ B {4}.
.so t # 2,6 so t € T(4,1). Take a transversal design T(4,I;t) on a set X

id choose a fixed block {alga ,aB,aA}. Adjoin three new points XX X

2
» X and for each group G make a B({4},1;t+3) on each of the sets

2

U {xo,xl,xz},taking care that the design on the group containing a, has

1
li,xo,x],xz} as a block. Now remove the blocks {al,az,as,an and
li’xO’xl’XZ} (1<i<4) and add the block {ai’az’aB’aA’XO’xl’XZ}' This yields

B({4,77},1,x). 0.




In particular we find 43, 55 and 91.
We still have to do 31,34,46,58,70,79,106 and 154.

The case x = 31 (found by A.E.B. and P.D.P. 11/45 in close cooperation).
A A-factor of a graph is a 2-factor consisting of cycles of length 3. Or
in design-theoretic terms: a A-factor is a parallel class of triples.

Using this definition we clearly have:

LEMMA 4. n € B3{4,7*} 1ff there exists a design B({3,4},1;n-7) where the
triples form 7 A-factors. [I.

In the current case we take for the set of vertices X = ZZXZZXZG (so

that |X|=24=31-7), and the following blocks:

18 quadruples:
{(0,0,0),(0,1,0),(1,0,0),(1,1,0)} mod (-,-,6)
{(0,0,0),(0,0,3),(1,1,1),(1,1,4)} mod (2,2,-)
{(0,0,0),(0,0,4),(1,1,5),(0,1,2)} mod (2,2,-)
{¢0,0,1),(0,0,5),(1,1,2),(0,1,3)} mod (2,2,-)

7 A-factors:
1. [{(0,0,0),(0,0,1),(0,0,2)}, {(0,0,3),(0,0,4),(0,0,5)} mod (2,2,-)].
2,3. [{(0,0,0),(0,0,5),(0,1,1)}, {(0,0,2),(1,1,0),(0,1,3)},
{(1,1,1),(1,1,3),(1,0,4)}, {(0,0,4),(1,1,2),(1,0,5)} mod (-,2,-)]
mod (2,-,-).
%,5. 0{(0,0,2),(0,0,3),(1,0,4)}, {(1,1,2),(1,1,5),(0,1,1)},
{(0,0,0),(1,0,1),(0,1,4)}, {(1,1,0),(1,0,3),(0,1,5)} mod (-,2,-)]
mod (2,-,-).
5,7. [{(0,0,0),(1,1,3),(0,1,5)}, {(0,0,2),(0,0,4),(1,0,0)},
{(0,0,1),(1,1,5),(1,0,4)}, {(0,0,3),(1,1,2),(1,0,1)} mod (-,2,-)]
mod (2,-,-).

llearly it is a finite task to check the correctness of this design.

34,
(Z3X29) u (IZXZ3) u {x}, where the elements of Z3XZ are writ-

[he Case x

Let X 9
ten (i,j) and those of IZXZB (i,j].




ake the following blocks:
{(1,3),(1+1,3+2),(i+2,3+2),(i+2,3+3)} : 27 blocks
{(i,3),(i+1,j+3),(i+1,j+5),[0,j-i1} : 27 blocks
{(i,3), (i+1,3+4),(i+1,3+8),[1,31} : 27 blocks
{(1,3),(i,3+3),(i,j+6), x } (j<3) : 9 blocks.

1e Case x = 46.

Let X = (Z3XZ]3) U (12XZ3) u {x}, and take the following blocks:

{(1,3+1),(1,3+3),(1,3+9), (i+1,7)} : 39 blocks
{(1,3+2),(1,j+6),(1,3+5),(i+1,3)} : 39 blocks
{(1,3),(i+1,j+1),(i+2,j+4),[0,i]} : 39 blocks
{(1,3),(i+1,3+2),(i+2,j+7),[1,i1} : 39 blocks
100,3),(1,3),(2,3), x } : 13 blocks.

1e Case x = 58.

Let X = (Z3XZ17) U (szz3) u {x}, and take the following blocks:

{(1,3), (1,3+1),(1,3+4), (i+1,3+5)}
{(1,7),(1,3+2),(i,j+8),(i+1,j+11)}
{(1,3),(i,3+5), (i+1,3+2),(i+1,j+12)}
{(i,3),(i+1,3+8),(i+2,j+7),[0,17}
{(i,3),(i+1,3+6),(i+2,3+4),[1,i]}
{€0,3),(1,3),(2,3), x }.

le Cases 70 and 79.

In[7]Mills showed that 70 € B {4,22"} and 79 ¢ B {4,13",22"}. Since
e B{4} and 22 € 33{4,7*} it immediately follows that
0,79} < B {4,77}.

e Cases 106 and 154.

MMA 5. If t € B{4,5,8,9,12,k} and 3k+1 ¢ B{4,7"} then
+ 1 ¢ B3{4,7*}. In particular this applies for k = 7 or 11.

OOF. Let B be a design on a set It with all block sizes congruent 0 or 1
od 4) but with onme block of size 7 or 11. We can get a B({4§7*},1;3t+1)

the set IxIyu {x} by taking for each block B ¢ B with [B| = 0 or 1

3




(mod 4) a design B({4},1; 3|B|+1) on the set BX13 u {x}, taking care that
it contains the blocks {b}XI3 u {x} for each b ¢ B; if B, is the block with
lBOI Z 0 or 1 (mod 4) then throw away all blocks {b}X13 u {x} for b € By>
and add the block B.xI., u {x}. We now have a B({4,(3lBOI+1)*},1;3t+l).

03
Since {22,34} c B {4,7*} this proves the lemma. [J.

Now for x = 106 = 3.35 + | we take a resolvable B({4},1;28) and par-
tially complete it with 7 points. (This is possible since it has (28-1)/3=9
parallel classes.) This yields a B({4,5,7*L1;35) and we may apply the lemma.
Likewise for X = 154 = 3.51 + | we take a resolvable B({4},1;40) and par-
tially complete it with 11 points which yields a B({é,S,ll*},l;Sl) and we

are through.

This completes the proof of our theorem.
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